arXiv:1505.03322vl [math.CA] 11 May 2015 


ON BERNSTEIN CLASSES OF QUASIANALYTIC MAPS 


ALEXANDER BRUDNYI 


Abstract. We study the structure of families of “well approximable” elements of tensor 
products of Banach spaces including analogs of the classical quasianalytic classes in the 
sense of Bernstein and Beurling. As in the case of quasianalytic functions, we prove 
for members of these families variants of the Mazurkiewicz and Markushevich theorems 
and in some particular cases, if such elements are Banach-valued continuous maps on a 
compact metric space, estimate massivity of their graphs and level sets. 


1. Introduction 

Let A be an infinite dimensional separable Banach space over field F (= 1 or C) and 
Vo C V\ C ■ ■ ■ C Vi C ■ ■ ■ C A be an approximating family of subspaces, i.e., V := U iVi is 
dense in A and dim^Vi < oo for all i. Let fibea Banach space over F and ( A® a B , || • ||^ 
a tensor product of Banach spaces defined by means of a reasonable crossnorm aond®B 
(see, e.g., m and subsection 2.1 below for basic results and definitions). 

For x G AfifiB, we set 

(1.1) E n (x) := inf \\x - h\\ A ® B . 

h&V n ®B 

Clearly, {E n (x)} n& z + C R+ is a nonincreasing sequence tending to 0 as n —>• oo. 

Definition 1.1. Let functions k, ip : N —Y (0,oo) be such that n{n) < oo and <p is 

nonincreasing with lim n _ 5 . 0O <^(n) = 0. Adapting the terminology of Beurling (Be; . we say 
that an element x € A® a B belongs to the first Bernstein class 55* ((A, V); B; a) if 

OO 

( 1 . 2 ) H(E n (x)) K ^ = 0 . 

71= 1 

An element x G A® a B is said to belong to the second Bernstein class 25^,((A, V); L>; a) 

if 

(1.3) fim (E n (x))^ n) < 1. 

71—> OO 

In what follows we call k in m a weight function and (p in (11.31) a scale function. 

We set 

*B((A, V);B-,a) := ©^((A, V)-B;a), where ip 0 (n) n G N, 

n 

53*((A, V); B; a) := 53* 0 ((A, F); B; a), where kq (n) := 3_ j n G N. 

(In Theorem 12.51 below we show that Q3((A, F); B\a) C *B*((A, V); R; a).) 

Also, if B = F, then A® a B = A, and we set 

^(A,V) :=® v ((A,Y);R;a) and 58* (A, V) := 03* ((A, V)\B; a). 
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For instance, if A = C(I ) is the Banach space of complex-valued continuous functions 
on a compact interval 7 C R, V is the restriction to 7 of the space of univariate complex 
polynomials so that V) consists of restrictions of polynomials of degree at most i, and 
B = C, then *B(A,V) coincides with 05(7), the set of quasianalytic functions in the sense 
of Bernstein ED1B2], having the following properties: 

(1) (Szmuszkowiczowna 0) 

The zero locus of each f ^ 0 in 55(7) has transfinite diameter 0. 

(2) (Mazurkiewicz [Maj ) 

05(7) is comeager (i.e., the intersection of countably many sets with dense interiors) in 
C(I). 

(3) (Markushevich |Mj) 

Each f G C(I) can be written as f = f\ + fi, where f \. f) € 05(7). 

(In fact, as has been observed by Plesniak [Pi] . (3) is a simple corollary of (2).) 

Similarly to property (1) functions of the classical first Bernstein class (introduced by 
Beurling) satisfy: 

(4) (Beurling [Be] ) 

The zero locus of each f ^ 0 in 05* (C(I), V) has Lebesgue measure 0. 

In the classical setting of univariate comp lex-valued continuous functions, the most 
general quasianalyte class (including classes 05(7) and 55*(C(7), V)) was introduced and 
studied by Beurling [Be). In turn, a unified exposition of the basic concepts and facts 
concerning quasianalytic functions in the sense of Bernstein defined on compact subsets of 
C n was presented by Plesniak in |P2j . In this paper we continue this line of research and 
study some general properties of classes 53< / ,((7l, V); B; a) and 05* ((A, 17); B; a) focusing 
on the properties similar to (1)—(4) above. 

The paper is organized as follows. Section 2 is devoted to the formulation and discus¬ 
sion of main results accompanied with the corresponding examples and open problems. 
Specifically, in subsection 2.1 we formulate some set theoretic and algebraic properties of 
Bernstein classes 55* and 55 ^ (e.g., we show that sets 98* and 98 of all pairwise distinct first 
and second Bernstein classes form isomorphic partially ordered abelian semigroups with 
addition given by the union of classes). Subsection 2.2 deals with noncommutative Banach¬ 
valued analogs of Markushevich and Mazurkiewicz theorems. For example, our results 
imply that every invertible continuous matrix function / : [0,1] —>• G, where G is a matrix 
Lie subgroup of GL n { F), can be presented as / = f\-f 2 , where fi, f~ x : [0,1] —> G, i = 1,2, 
are matrix functions with entries quasianalytic in the sense of Bernstein if G = GL n (¥) 
([Theorem 12.121) or belonging to the first Bernstein class 55* (77(7), 17) in the general case 
([Theorem 12.151) . Subsection 2.3 is devoted to some properties of elements of classes 55 ^ 
and 55* for spaces C(M;B) of continuous B-valued functions on a compact metric space 
(M, d). For instance, we show that for M = [0,1] CR graphs of B-valued continuous func¬ 
tions in the first Bernstein class 55* has Hausdorff dimension 1 (while if dimpB = oo there 
are functions with graphs having Hausdorff dimension oo, say, graphs of Peano curves; 
note that, due to results of subsection 2.2, such functions can be presented as sums of two 
functions in the second Bernstein class 55). In this setting, we also formulate some results 
on massivity of level sets of functions in 55 ^ and 55*. Sections 3-5 contain proofs of our 
main results. 
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2. Main Results 

2.1. Basic Properties. Recall that a tensor product A® a B is the completion of the 
algebraic tensor product A® B with respect to a reasonable crossnorm a, i.e., such that 

a(a ® b ) := ||a||A ■ ||6||s for all a € A, b E B and 
a'(a* ® b*) = ||a*|U* • ||6 *||b* for all a£A*,b*€B*, 
where a! is the dual norm of a. 

A uniform crossnorm is a method of ascribing to each pair (X , Y) of Banach spaces 
a reasonable crossnorm a on X ® Y so that if X, W, Y, Z are arbitrary Banach spaces 
then for all bounded linear operators S : X —>• W and T : Y —» Z the linear operator 
S ® T : X <g> Q Y -)• W ® a Z is bounded and \\S®T\\ < ||S|| • ||T||. 

Our first result follows directly from Definition ll.il 

Proposition 2.1. Suppose ((A, V);B) and {{A! ,V')\B') are triples of Banach spaces and 
their subspaces subject to Definition \l.l\ and S : A —>• A ', T : B —>• B' are bounded linear 
operators such that S(V n ) C Vf for all sufficiently large n E N. Then for a uniform 
crossnorm a and all scale and weight functions p and n the linear operator S ®T maps 
53 ¥ ,((A,P);£;a) into 5S V ((A', V')\ B'-a) and 53* ((A, V)\ B; a) into 5S;((A', V'); B'; a). 

In particular, for A' = A, V' = V and B' = F each bounded linear functional h E 
B* determines the bounded linear map Id ® h : A® a B —» A (= A ® F) which sends 
53 v ({A,V)-,B-,a) into 53^(A,P) and 55* ((A, V);B) into 53* (A, V). 

Next, we describe some set theoretic and algebraic properties of classes 53 v and 53*. 
Let *€ be the set of all quadruples ((A, V); B ; a), where A, V, B are Banach spaces and 
their subspaces subject to Definition EU and a := a(A, B) are reasonable crossnorms on 
A® B. 

Theorem 2.2. For every Q = ((A, P);B;a) € ^ we have 

(1) 53 ,p(Q) is comeager in A® a B for each scale function p. 

(2) 

A® a B = \J<3 V (Q) and V ® B = f| 5S^(Q), 

<p <p 

where the union and the intersection are taken over all scale functions p. 

In turn, A® a B \ 0 for any countable subset $ of scale functions. 

(3) For a countable subset of scale functions there exist scale functions pib and ip u b such 
that 

2W Q) C n ®*(G) c U 2W) C ® Vufc (Q). 

(4) 53 <p’(Q) C 53 ¥> (<5) if an d on ty if p' < c ■ p for some c E (0,oo). /n particular, 
®^(Q) C53„(Q) C53^(Q). 

Part (1) of the theorem is the analog of property (2) of the Introduction. It reflects the 
fact that any “generic metric property” of A® a B is also generic for each class 53 ^(Q) (cf. 
Theorem 12.121 below). 

In turn, part (4) implies that sets 53 V {Q) and 53^/ (Q) coincide if and only if there 
exist ci,C 2 € (0,oo) such that c\ ■ p < p' < C 2 • p. Such p and p' are called equivalent. 
So 53(p(Q) is uniquely determined by the equivalence class {p} of p and we may write 
®m(Q) instead of 53 <p(Q). 

Let F${Q) be the collection of all pairwise distinct sets 53We define the partial 
order on &{Q) by means of inclusion of sets. As a consequence of Theorem 12.21 we obtain: 
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Corollary 2.3. (&(Q),C) is a lattice and 

^{<fl}{Q) V ®{^2}(Q) = <S {max( V i, ¥ 32 )}( ( 5 ) = }(Q) U &{<P2}(Q)'i 

®{<?i }(Q) A }(Q) = ®{min(^i ,<P2)}(Q) ^Wi}{Q) n ®{</>2}(Q))- 

Parts (2) and (3) of Theorem 12.21 imply that any countable two-sided chain of elements 
of 38 (Q) has upper and lower bounds. However, 38 (Q) does not contain neither maximal 
nor minimal elements. Hence, Zorn’s lemma is not applicable and, in particular, there 
exist uncountable chains in 38 (Q) which do not have upper or lower bounds. 

Note that 38(Q) has the structure of a commutative semiring with addition U (= V) 
and multiplication given by 23j ¥ , 1 \(Q) • 23{^ 2 }(Q) = pi-wjiQ) induced by addition and 
multiplication on the set of scale functions. 

Let S be the set of equivalence classes of scale functions. We introduce the partial 
order on S writing {<^i} < {^ 2 } if and only if <pi < c ■ p >2 for some c > 0. In addition, 
we regard S as a commutative semiring with addition {y?i} + {<^ 2 } = {max(^i, ^ 2 )} and 
multiplication {(^ 1 } • {^ 2 } = {<pi ' ^ 2 }- Then Theorem 12.21 and Corollary 12.31 yield: 

Corollary 2.4. For each Q £ c 3‘ map Iq : (S , +, *, <) —> (38(Q), U, -, C), Iq(s) := < B S (Q), 
is an isomorphism of semirings preserving partial orders. 

In particular, 38(Q) as well as S has the cardinality of the continuum. 

Let us formulate analogous results for the first Bernstein classes. 

To this end, for a weight function k we define the scale function £(/c) by the formula: 

OO 

(2.1) E(k)(w) := re(i), n £ N. 

i—n 

Theorem 2.5. For every Q = ((A,V); B-, a) £ *€ we have 

(1) 23jy k )(Q) C IB * k (Q) and is maximal among all subsets in 38(Q) containing in 23* (Q). 

(2) ® e(m) (Q) = ® E ( K2 )(Q) if and only if <B* K1 (Q) = 23* 2 (Q). 

(3) For each scale function there is a weight function n such that ®e(k)(Q) = 23 ¥ ,(Q). 

( 4 ) 

k(q) = n 

ipe&K 

00 k(u) 

where is the class of scale functions ip such that ) ——— < 00 . 

1 <P(n) 

n= 1 v ' 

Remark 2.6. Since 38(Q ) is a lattice, the maximal element in Theorem [2T5]( 1) is unique. 

From this theorem we obtain the following result. 

Corollary 2.7. Sets 2S*(Q) satisfy the properties similar to (l)-(3) of Theorem \2.2\ with 
IB replaced by IB*. 

Example 2.8. If kq (n) := dy, n £ N, then = {<^ 0 }) where <po(n) = i, n £ N. 

Hence, Theorem 12.51 implies that 23 (Q) C 23* (Q) and 23 (Q) is maximal among all subsets 
in 38(Q ) containing in 23* (Q) (see the Introduction for the notation). 

By 38*(Q) C 2 a ®* b we denote the collection of all pairwise distinct subsets 23* (Q) 
equipped with the partial order defined by inclusion of sets. Also, we equip 38* (Q) with 
the structure of an abelian semigroup with addition given by 

+ = 2 )(G)- 
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The next result shows that this operation is well-defined (i.e., if 03). (Q) = 03*, (Q), i = 1,2, 
then 03* , \(Q) = 03* , , ,AQ)) and coincides with the union of sets. 

max(Avi,AC2) ' 

Proposition 2.9. We have 

W) u ®L«5) = ®t«5) V ®L(«)- 

As the consequence of Theorem 12.51 we obtain: 

Corollary 2.10. Map £ induces the isomorphism of abelian semigroups 

£*:(^*(Q),U,C)^(^(Q),U,C), £*(£/) :=03 s(k) (Q), U = 0S* K (Q), 

preserving partial orders such that £*(17) C U and is maximal among all subsets in 3d(Q) 
containing in U. 

Remark 2.11. (1) This corollary implies that E^iW) is minimal among all subsets in 
3$*(Q) containing W £ 3d(Q) and (3S*(Q),C.) is a lattice, where the operation V = U, see 
Proposition 12.91 and 

t/i AU 2 :=£ 7 1 (£(t/i) A£(t/ 2 )), U t € ^*(Q), * = 1,2. 

Note that if 17* = 03*.(Q), i = 1 , 2 , then U\ /\U -2 = 03*(Q), where 

re(n) = min(£(Ki)(?r), £(k 2 )(^)) — min(£(/ti)(n + 1), £(/t 2 )(n + 1)), n€N. 

(2) It is worth mentioning that 03^ and 03)1 can be regarded as functors from the category 
of quadruples Q = ((A, 17); B; a) € ^ with a being uniform crossnorms and with 
morphisms as in Proposition 12.11 into the category ST of power sets of tensor products 
A® a B whose images form subcategories consisting of the corresponding Bernstein classes. 
In this terminology, £* becomes a functor establishing isomorphism between subcategories 
3S* and 3d of ST consisting of elements of 38* (Q) and 38{Q). 

Results of subsection 2.1 are proved in Section 3. One of the main ingredients in the 
proofs is the following version of the classical Bernstein theorem (see subsection 3.1 (4)): 

For each nonincreasing converging to 0 sequence {c n } C (0, oo) there exists an element 
x £ A® a B such that E n (x) = c n for all n € N. 

2.2. Markushevich and Mazurkiewicz type theorems. First, we formulate some 
analogs of the Markushevich theorem fMj. 

Recall that if A and B are unital Banach algebras, then A<S> a B has the natural structure 
of a Banach algebra such that 

(ai < 8 ) bi) ■ ( a -2 <8 b 2 ) = (ai • a 2 ) <8 (&i • 62 ) for all ai,a 2 £ A, bi,b 2 £ B. 

By (A^aB)^ 1 we denote the group of invertible elements of the Banach algebra A<S) a B. 
Theorem 2.12. (1) Each x £ A® a B can be written as x = x 1 + X 2 , where X\,X 2 £ 

(2) Suppose A and B are unital Banach algebras. Then each x £ (A^aB)^ 1 can be 
written as x = x 1 • X 2 , where xi,xf 1 ,X 2 ,xf 1 £ (A<8 a B) _1 n OS^A, 17); B;a). 

The particular case of Theorem 12. 121 for quasianalytic functions in the sense of Bernstein 
defined on compact subsets of C n was originally proved in [P2] . Due to Theorem 12.51 
similar results are valid also for the first Bernstein classes 03* ((A, 17); B; a). 

Example 2.13. Let A = R7(T) be the IFiener algebra of F-valued continuous functions 
on the unit circle T := {z € C : \z\ = 1} with absolutely convergent Fourier series. The 
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projective tensor product W(T)<8) 7r S consists of continuous B-valued functions / : T —»• B 
such that 

oo oo 

(2.2) f(t) = E fne int , f n G B, t £ T, and ||/|| := E ||/ n || B < oo. 

n =—oo n=—o o 

Let V = T C W (T) be the space of F-valued trigonometric polynomials and V) = T) C T , 
i € Z_|_, be the space of polynomials of degree at most i. Then one easily shows, see a, 
that for / as in (12.21) 

Ei(f)= E H/nlls- 

|n|>i 

Thus, 55 V )((W(T), T); 5; 7r) consists of functions / such that 

) ¥>(») 

< 1. 

Note that if a scale function (p decreases sufficiently fast, then the image of a nonconstant 
function / £ *B,p((W(T),T)\B\ tt) has Hausdorff dimension 1, see Theorem 12.191 below, 
while there exist / £ W(T)<S> 7r B, where dimpi? > 2, whose images are of Hausdorff 
dimension > 1 (see, e.g., [LG , p. 136]). 

Let us formulate Theorem 12. 121 (2) for B = M/,.(¥), the Banach algebra of k x k matrices 
with entries in F. In this case, B” 1 = GL^(F) C Mk( F) is the group of invertible matrices 
and hL(T)(g) 7r Mfc(F) = W(T)®Mfc(F) consists of matrix-valued functions on T with entries 
in W(T). As follows from the classical Wiener theorem, (W(T) Mfc(F)) -1 consists of 

functions in W(T) M^(F) with images in GLk( F). Hence, each such a function g can 
be written as g = g\ ■ < 72 , where gf l € (T), T); Mk( F); 7r), i = 1,2. 

Next, we formulate some versions of Theorem 12.121 (21 for A being a semisimple com¬ 
mutative unital complex Banach algebra. Then the Gelfand transform : A —> C(Ma), 
where Ma := {£ £ Hom(A, C) \ {0}} is the maximal ideal space of A equipped with the 
Gelfand topology , is an injective nonincreasing norm morphism of algebras. Without loss 
of generality we identify A with its image under ", so that A consists of complex continuous 
functions on the compact Hausdorff space Ma ■ If, in addition, A is invariant under the 
standard operation of complex conjugation on C(Ma), then by Ar we denote the subalge¬ 
bra of A consisting of real functions, so that A = Ar © yf—1 ■ Ar. In this case, we assume 
also that each Vj C L is invariant under complex conjugation and set Vj.M = Vj n Ar, 
Vr = V n Ar. 

(*) In what follows Ar, Vw and Vj,F stand for A, V and Vj if F = C and for Ar, Hr and 
Vi m if F = K. Additionally, we assume that V C A is a filtered unital algebra , that is, 
Vi-Vj C Vi+j for all i. j £ Z + . 

One naturally identifies Ap ® F jV with the space of continuous maps g = (g\ ,. .., gjy) ■ 
Ma —> F w with all gi £ A. Since all reasonable norms on Ap ® ¥ N are equivalent, the 
corresponding Bernstein classes are independent of their choice and we write ((A, HjjF^) 
instead of ((A, V); F^; a) in their definitions. 

For convenience, we equip Ap ® ¥ N with norm 

Ibll := (E 



1 

2 
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For A C by A(-Ap) we denote the subset of g £ Ap ®W N with images in X. It is easily 
seen, using that the Gelfand transform is a nonincreasing norm morphism of algebras, 
that if X is closed, then A'(Ap) is a closed subset of the Banach space (Ap <g) F^, || • ||). 

Next, recall that the polynomially convex hull K of a subset K d C N is determined by 

K = < z € : \p(z)\ < sup \p\ for all p € V(C N ) 

{ K 

Here V(C N ) stands for the space of holomorphic polynomials on C^. 

Set K is called polynomially convex if K = K. 

Theorem 2.14. Suppose that X p is a F -analytic closed submanifold of a domain Up C ¥ N 
such that Uc admits an exhaustion by compact polynomially convex subsets. Then 

(a) For each scale function tp : N —>• (0, oo) such that lim^^oo n ■ ip{n) = oo set 
23^((A, V); F^) n Ap(Ap) is comeager in Ap(Ap); 

(b) Set (53*((d, b);F w ) n *8^(4, F); F w )) n l F (d F ), where p{n) = n € N, is 

comeager in Ap(Ap). 

In addition, suppose that Ap has the structure of a F-analytic Lie group compatible 
with the analytic structure induced from W N . Then the group operations on Ap induce 
group operations • , _1 on the set C(Ma', Ap) of continuous functions on Ma with images 
in Ap. Using functional calculus for commutative Banach algebras (see, e.g., 0 Ch. 3.4]), 
we show that Ap(Ap) C C(Ma', Ap) is a subgroup (see the proof of Theorem 12.151 below). 
Now, as the corollary of Theorem 12. 141 we obtain the analog of the Markushevich theorem. 

Theorem 2.15. Let 23 be one of the subsets o/Ap(Ap) of parts (a) and (b) above. Then 
each g £ Ap(Ap) can be written as g = g\ ■ g-i, where gf l ,gif 1 € IB. 

Example 2.16. Let C n [0,1] be the Banach algebra of n-times continuously differentiable 
complex-valued functions on [ 0 , 1 ] with pointwise multiplication and norm 



Let V = V C C”[0,1] be the space of restrictions to [0,1] of complex polynomials on M 
and Vi = Vi, i £ Z + , be the space of restrictions to [0,1] of polynomials of degree at 
most i. One easily checks that 23 (/ ,((C m [0, l],'P);C Ar ) and *B*((C' n [0, l],7 , );C' iV ) consist of 
C iV -valued functions / on [0,1] having continuous derivatives of all orders < n such that 
belong to 5S (/J ((C'[0, l],7 :, );C Ar ) and 25*((C[0, 1],V)',C N ), respectively. 

Let U n C GL n ( C) be the unitary group. Since as a real Lie group U n is isomorphic 
to a Lie subgroup of the orthogonal group 02 n C GL 2 n (K), Theorem 12.151 is applicable. 
Thus, under the assumptions of the theorem, each element g of the group C n ([0,1]; U n ) of 
n-times continuously differentiable functions on [0,1] with values in U n can be written as 
g = g\ ■ g 2 , where } , r // 1 € IB and IB is either < B VP ((C' n [0,1], V); M n (C)) D C n ([0, ll; U n ) 
or («B.((C»[0,1]./); M„(C)) n 0,1], P); MJ C)>) n C"([0,1]; uj). 

Similarly, Theorem 12.151 can be applied to other matrix Lie subgroups of GL n { F). 

Remark 2.17. The natural problem arising with regard to Theorem 12.151 is 

Problem 2.18. Characterize matrix Lie subgroups Ap C GL n ( F) for which the statement 
of the theorem is valid for all spaces 23^,((.A, U);F JV ') n Ap(Ap). 

As follows from the proof of Theorem 12.141 a sufficient condition for Ap to satisfy 
this property is that the set of maps in C(Ma‘, Ap) whose coordinate functions belong to 
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V (C Ay) is dense in Xf(-Af). For instance, this is true for JAp = B~ 1 being the group of 
invertible elements of a subalgebra B C M n ( F) (in this case, Xf(Af) = (Ap < 8 > is an 
open subset of yip <8> B), cf. Theorem 12.121 

2.3. Massivity of Graphs and Level Sets of ©^-functions. In this part we assume 
that the Banach space A consists of continuous functions defined on a compact metric 
space ( M,d ) and || • > || • \\c(M)i V C A consists of Lipschitz functions on M, and 

A® a B is equipped with a uniform crossnorm a. Since a > e, the injective crossnorm, 
A® a B consists of R-valued continuous functions on M (see [Grl Th. 3, p.21]). We study 
massivity of graphs and level sets of functions in ©^((A, V);B;a) C C(M\ B). 

Recall that the covering number Cov(S;e ) of a compact subset S C M is defined by 


Cov{S\e ) := inf 


card < {mi} C S : S C |^J Bfimf) 


where B r (m) C M is an open ball of radius r with center m. 

Covering numbers are qualitative characteristics of the approximation of compact sets 
by means of n-point subsets, see, e.g., [KT] , It is well known that the function Cov is 
countably subadditive in S and nonincreasing and continuous from the right in e. 

Next, for a compact subset S C M by MyfiS ) we denote the Markov constant of 
functions in R restricted to S defined by 


M Vi (S) 


sup 

fSVi, |l/|lc(M)<l 


/(•<■) ft,/) ] 

xjy d{x, y) J ' 


Clearly, is a nondecreasing sequence of nonnegative numbers, because each 

dim < oo. (E.g., in notation of Example 12.131 the classical Bernstein inequality for 
derivatives of trigonometric polynomials of degree at most i implies that Mr, (T) = i, 
i € Z+, here T is equipped with the standard geodesic metric.) 

In what follows, by T-C^ we denote the ?/>-Hausdorff measure on subsets of a metric 
space X constructed by a gauge function if (i.e., if : [0,oo) —>• [0, oo) is nondecreasing and 
if( 0) = 0), see, e.g., [Mat] for basic definitions. 

For a compact subset S C M and / € C(M; B) by 


F f (S) :={(s,f(s)) : seS}cSxB 

we denote its graph. In the next result, we consider M x B endowed with the metric 
dMxB{{mi,bi),(m 2 ,b 2 )) := max{d(mi,m 2 ), ||&i - 6 2 ||b}, (mi,bi) G M X B, i = 1,2. 
Theorem 2.19. Suppose a compact subset S C M satisfies 

(2.3) Cov{S\ e) < C ■ for some C,k € (0,oo) and all e € (0, diam5]. 

Then for a scale function ip : Z + —>• (0, oo) and a continuous nondecreasing function 
if : [0,oo) — >• [0, oo), if( 0) = 0, such that 

(2.4) lim My (S) ■ if (My n (S) ■ = : Lip) < oo for all p G (0,1), 

and each f G ©^((A, R); B ; of), 

'W- % mxb(F f( s )) < °°> where if k (t) := t k ■ if(t), tG[0,oo). 

As was shown in Theorem 12.21 massivity of sets ©^((A, V); B ; a) can be measured by 
means of equivalence classes {tp} of scale functions tp. In turn, Theorem 12.191 shows that 
the “smaller” class {p} (i.e., the faster < p(t) tends to 0 as t —» oo), the “thinner” graphs 
of functions in it (i.e., the slower if{t) tends to 0 as t -A 0 + ). 
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Example 2.20. (A) Suppose a scale function p : Z + —» (0,oo) satisfies 

(2.5) lim <p{n) ■ My n (S ) =: L < oo. 

n—> oo 

Then condition ((2.411 is valid for := min(| lnt| _fc , l), t £ [0, oo), with L(p) = (JT^[) • 
(B) Suppose a scale function <p : Z + —> (0, oo) satisfies 

(2.6) lim </?(n) • lnTW^S 1 ) = 0. 

n—> oo 

Then condition (12.41) is valid for ^(t) := t a , t £ [0, oo), for all a > 0 with L{p) = 0. 

Corollary 2.21. Under the hypotheses of Theorem \2.1fA 

(1) For each f £ 23 ¥ ,((A, V): B ; a), 

H% k {f{S))< oo. 

(2) If B = d < k, then for each f £ 23 (/J ((A, V); B), 

(/ _1 ( c ) n 5) < oo, w/iere ^ M (f) := ■ ^(i), t € [0, oo), 

/or a.e. c£ with respect to Lebesgue measure on M d . 


Remark 2.22. (1) Condition (12.31) implies that the upper box-counting dimension of S, 


dimes' := lim 
£—/0 


In Cov(S\e) 
— lne 


< k. 


For subsets S such that dimes’ = dim 77 5 = k Theorem 12.191 with ip satisfying (12.61) shows 
that diriiff(r f(S)j = k for all / £ 23 ¥ ,((A, V)\ B; a); here dim// stands for the Hausdorff 
dimension. This generalizes the result of Mauldin and Williams [MW] asserting that for 
a generic real / € C[0,1] its graph T^([0,1]) C K 2 has Hausdorff dimension one. 

(2) For the class 23(7) of quasianalytic functions in the sense of Bernstein on a compact 
interval I C R (see the Introduction), My n (S) < cs ■ n, n £ Z+, for each compact 
subinterval S in the interior of I (here cs depends on S only). Then condition (12.51) is 
satisfied. Thus, Theorem 12.191 and Corollary 12.211 imply that for if(t) = min(| In t| —1 , l), 
ifi(t) := t ■ if(t), t £ [ 0 , 00 ), and each real / £ 23(1), 

(2.7) < 00 and ^(/ _ 1 (c) D S) < 00 

for a.e. c £ f(S) with respect to Lebesgue measure on K. (The second inequality implies 
that the transhnite diameter of such set / - 1 (c) D S is zero but not vice versa, see, e.g., 
[Cl.) An interesting question is about the optimality of the gauge function if: 


Problem 2.23. Are there a real function / £ 23(7) and a compact subinterval S in the 
interior of I for which the values of Hausdorff measures in m are not zeros? 


(3) According to the classical result of Bernstein (see, 
therein), the function 

cos (Fin) • arccosx) , , 

/M = E F(n) - L ’ where = 

71=1 ^ 


e.g., m p. 400] and reference 
F(n + 1):=2 f W, n € Z+, 


belongs to 23([— 1,1]) and is not differentiable at any point of [—1,1]. Therefore its graph 
r/(S’) C K 2 over any nontrivial subinterval S C [—1,1] has infinite linear measure. In turn, 
the method of the proof of Theorem 12.191 (see subsection 5.1 below) applied to / leads to 
equality f(S )) = 0 for all m £ N; here if m i(t) = y—and if\(t) = max(| log 2 1\, 2), 

= log 2 ifi(t) , * € N, t £ [0, 00 ). Thus, graph Tf(S) is not rectifiable and is much 
more thinner than the one for a would-be optimal function in Problem 12.231 
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Example 2.24. Suppose M <s M N is a compact set with nonempty interior equipped 
with the metric induced by the Euclidean metric on M. N . We consider A = C(M), the set 
of complex-valued continuous functions on M, and C(M)<g> e B = C(M]B), the injective 
tensor product of C(M ) and a complex Banach space B. Let V = V(M. n )\m be the 
space of traces of complex-valued polynomials on l w to M and let V n = 'P n (M Ar )|m 
consist of traces of polynomials of degree at most n. Using Rernez and Markov polynomial 
inequalities one obtains that there exists a constant c > 0 such that the Markov constant 
M.y n iM) < c n for all n. Hence, condition (|2.6I) is satisfied for each scale function p such 
that linin^oon • p(n) = 0. Thus, for such p and all as in Example 12.201 Theorem 12.191 
and Corollary 12.211 are valid for functions / £ ©^((H, V); B] e), that is, 


( 2 . 8 ) 


dim H (T f (M)) = N, dim H (f(M)) < N and if B = M d , d < N, 
dirnf/(/ -1 (c)) < N — d for a.e. c£M d with respect to Lebesgue measure on M d . 


In turn, if M is a Markov set with a finite exponent (that is, Aiy n (M) < c • n r , n G N, 
for some c, r > 0, see m for basic properties and examples), then statement (|2.8[i is valid 
also for / G ©^((H, V); B\ e) and all p such that lim n _ > , 00 In n ■ p{n) = 0. (For instance, 
any fat subanalytic or convex subsets M (= R N are Markov as well as any bounded domain 
with C XA boundary.) 

Note that the last statement in (12.81) is optimal in the sense that it cannot be valid for 
all / G ©^((H, V),M d ) and all c G Indeed, let p(n) = , n G N. Then 

OO ^ 

lim Inn • (pin) = 0 but > —- -^ < oc. 

n^-oo z —^ P(n) • n z 

n =1 ' 

From the last inequality by the result of Beurling (Bel Ch.III, Th.l] one obtains that there 
exists a not identically zero real function / G C(M) equals zero on a subset with nonempty 
interior such that for some C > 0 

E n (f) < C ■ ( - j for all n G N. 

Clearly, / G ©^(H, V) and so, by Corollary 12.211 dimf/(/ -1 (c)) < — 1 for a.e. cGl 

with respect to Lebesgue measure on K. However, dim//(/^ 1 (0)) = N. 


Now we formulate separately versions of Theorem 12. 191 and Corollary 12.2 II for functions 
in the first Bernstein classes ©* ((H, V); £>; a). 

First, observe that from Theorem 12.51 4) (by Corollary 12.211 based on condition (12.61) ) 
we obtain immediately: 


Corollary 2.25. Suppose S C M satisfies condition (12.31) and for some scale function 

OO / N 

_ , , , \^ K[n) 

p G i.e. such that > ——— < oo, 

lim p{n) ■ hiMyiS) = 0. 

n—> oo 

Then for each f G ©* ((H, V): B ; a), 

(a) dim H (r f {M)) < k, dim H (f(M)) < k] ( b ) dinitf(/ -1 (c)) <k-d 

for a.e. c G with respect to Lebesgue measure on M. d provided that B = d < k. 

In particular, this result is valid for functions / G ©*((H, V); B ; a) with p(n) = ^ +1 ” n , 
n G N, for a fixed s > 1. In turn, it can be sharpened for {2Wi/ n (S’)} rie N having polynomial 
growth. 
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Theorem 2.26. Suppose S C M satisfies condition (|2.3D and for some s > 1 
(2.9) sup { Mv } < oo. 




Then for a continuous increasing gauge function xp satisfying 


( 2 . 10 ) 

and each f G 53*((M, F); B-, a), 


nl {WY 


■ dt < oo 


^Mxs( r /(' S ')) = °> where if k (t) := (t ■ if{t)) k , te[ 0,oo). 


In particular, 

nt k (f(S))= o, 

and, if B = R rf , d < k, 

W-M ,d (/ _1 ( c ) n S) = 0, where if k ,d(t) := t k ~ d ■ (if(t)) k , t G [0, oo), 
for a.e. c G R d with respect to Lebesgue measure on M. d . 


Example 2.27. In notation of Example 12.241 consider the class 23*((vl, V); B\ e), where 
A = C(M), M <e R n is the closure of a bounded domain, V = T’(M Ar )|M and A® e B = 
C(M\B). It follows from the result of Beurling [Bel Ch.III, Th.l] that Lebesgue measure 
of each / _1 (c) C M, c G range(/) C B, f G 55*((A, V); B\ e) is zero. On the other hand, 
if M is a Markov set with exponent s, then condition (12.91) holds. So Theorem 12.261 in this 
setting implies for all if satisfying (12.101) and if Nit) := (t-if(t)) N , ifN,d(t) '■= t N ~ d - iif{t)) N , 
t G [0,oo), 


*iZ xB (r f {M)) = 0, U% N {f(M)) =0 and if B = R d , d<N , 

T~i^N’ d (/ _1 ( c )) = 0 for a.e. c G with respect to Lebesgue measure on M. d . 
Here we can take, e.g., 


if{t) := 


1 


e > 0, for t G (0, e ]. 


(ln(l)) S -0n(ln|)) S+E: 

If M = [0,1] C R, then condition (12.91) holds with s = 1 for each compact subinterval 
S C (0,1). Thus, for B = R and if satisfying (12.101) with s = 1 by Theorem l2.26l we obtain 

(2.11) Hil(T f (M)) = 0 and ^(/^(c)) = 0 


for a.e. cGi with respect to Lebesgue measure on R. Note that the second condition is 
slightly weaker than the statement that / _1 (c) has transfinite diameter 0 (see, e.g., EE]). 
Thus, the following question seems to be plausible. 


Problem 2.28. Is it true that the second condition in (12.111) can be replaced by f x (c) 
has transfinite diameter 0 for a.e. c G R? 


Finally, we formulate some results related to property (1) of the Introduction, see [S], 
for quasianalytic functions in the sense of Bernstein. 

Recall that a subset S C is pluripolar if there exists a plurisubharmonic function 
u ^ —oo on C N such that it Is = —oo. For a compact subset K C C N by 93 (iL) C C(K) 
we denote the set of complex quasianalytic functions in the sense of Bernstein. In our 
notation, 93(1L) = 95 ¥ , 0 (j4, V), where A is the uniform closure of the algebra V{C N )\k of 
traces of holomorphic polynomials on to K, V = V(C n )\k and V t = TfiC N ), t G N, 
consists of polynomials of degree at most i. 
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In | jCLPl Th. 3.2] Coman, Levenberg and Poletsky proved that the graph of a function 
in 05(7), where 7 d K is a compact interval, is pluripolar in C 2 . The proof is based on 
the analog of the classical Kellogg lemma due to Bedford and Taylor |BTl Th. 4.2.5]. The 
very same method applies to yield the following result. 

Proposition 2.29. Suppose 77 C C N is a compact non-pluripolar set. Then for every 
f G 58(77) the graph T f(K) C C N+1 of f is pluripolar. 

As a corollary we obtain: 

Corollary 2.30. Suppose 77 C C N is a compact non-pluripolar set. Then for every 
f G 58(77) there exists a (possibly empty) polar set Sf C range(/) C C such that for each 
c G range(/) \ Sf set / _1 (c) C K is pluripolar. 

Remark 2.31. (1) In many cases K satisfies the property that Sf = 0 for all nonconstant 
f G 58(77) (see [P2j . [Sk] for the corresponding results). For instance, as follows from [P2L 
Th.7.3], this is true for 77 C F^ being the closure of a bounded domain. 

Note that for F = C set / _1 (c) C 77, where / G 58(77) is nonconstant, being polar 
satisfies TL^ N (/ _1 (c)) = 0 for all if such that J' ( ] Jfjfl i dt < oo, see, e.g., |HK1 Ch.5]. This 
is stronger than one obtains from Corollarv l2.21l 2]) in this case (for k = 21V, d = 2, p = 
tp 2 N, 2 (t) ■= m . tx (j inf-pv i) i t £ [0, oo), and, say, S - a closed cube in M 2Af ). One can ask a 
similar question for nonconstant / G 58(77) for 77 being the closure of a bounded domain 
in M. n : 

Problem 2.32. Is it true that 77^(/ _1 (c)) = 0 for all ip such that f* -pr=rdt < oo? 

In this case Corollary 12.211 21 with k = N, d = 1, ip = ipo and S — a closed cube in M. N 
gives n^if-^c)) < oo, ip N ,i{t) '■= max (|Tnt| n,i) > f G t 0 ’ 00 )’ for a - e - c G ran g e (/)- 

(2) Let us formulate also the following problem concerning the structure of graphs of 
functions in the first Bernstein class: 

Problem 2.33. Is it true that for each function f G 5B*(C[0,1],IP*(C)|[o,i]) it s graph 
P/([0,1]) C C 2 is pluripolar? 

Note that the affirmative answer in this problem leads, by means of the argument of 
the proof of Corollary 12.301 to the one in Problem 12.281 

(3) Due to the classical result of Sadullaev [Sa], analogs of Proposition 12.291 and Corollary 
12.301 are valid for K being a compact non-pluripolar subset of a complex irreducible alge¬ 
braic subvariety M C C N . In this case, one proves pluripolarity of Tf(K) in M x C and 
of / _1 (c), c G range(/) \ Sf, in M. 


3. Proofs of Results of Subsection 2.1 


3.1. Proof of Proposition 12.11 


Proof. Since ||<S l 0T|| < ||5|| • ||T|| and S(V n ) C Vf for all n > no, for an element x G A® a B 
and such n we have 


£ n ((S®T)(z)) 


inf ||(5 0 T)(x) — h'\\ A ,fo 


B' 


< , inf ||(5 0 T)(x 

h€V n ®B 


\A'® a B' 


< ||5|| ■ ||T|| • inf ||x - h\\ A ^ aB = ||5|| • ||T|| • E n (x). 

This implies (because lim^^oo tp(n) = 0) 

lim (K n ((5 0T)(x))) ¥,W < lim (K n (x))^ (n) 

n—> oo n—> oo 
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which shows (see Definition ll.il) that S®B sends ©^((H, P); B; a) into ©^((T 7 , P 7 ); B '; a). 
In turn, for a weight function k we have 

oo oo oo 

y, K(n)ln(E n ((S ®T)(x))) < ^ n(n) \n(E n (x)) + ^ «(n) ln(||5|| • ||T||). 

n=n o n=riQ n=no 

Since the second term on the right-hand side is finite, S (£) B maps ©* ((H, V); B ; a) into 
©*((A 7 , V 7 ); B'\a), as required. □ 

3.2. Proof of Theorem 12.21 

Proof. (1) The proof exploits the idea of jMaj . Let {aj}igN C A be a countable dense 
subset. We assign to at the real number 

di := i H-———rr, where siaA = minjA: : a* E I4j. 

<P(s(ai)) 

Since the union Uj (a* (8) .£>) of proper closed subspaces a* <g> B C A® a B is dense in A® a B, 
set 


L : = 


:= P| |^J jx € A® a B : dist(x,aj ® B) <2 di j (P (g) H), 


j= i*=j 

where dist(x, a* <g) H) := inf^g^ ||x — a* <g) is comeager in A® a B. Note that if 

x € L\(V <g> S), then there exists a subsequence {a; fc }fceN C {a.j}igN such that (cf. (Il.ip ) 

{E s{aik) {x)Y {s{ai ^ < 2-^-^K))- 1 < I and Um a(a ifc ) = oo. 

Thus, fim n _> 00 (£ , n (x)) 1 '^ n ) < that is, x E ©^((T, V - ); 5; a). Hence, L C ©^((H, P); B-, a) 
so the latter set is comeager in A® a B. 

(2) Given x E A® a B consider a scale function ip x : N —> (0, oo) defined by the formula: 

<Px(X) = 1 an d f° r n > 2, 

1 if E n (x) > \ 

1 


(3.1) 


tp x (n) := < 


if 0 < E n (x) < ~ 


| \nE n {x)\ 

k min(^(n - 1), if E n (x) = 0. 

Then for all sufficiently large to, 

{E n {x)Y* {n) <-, 

e 

that is, x E V ); H; a); this proves that A® a B = U ¥ ,© ¥ ,((H, P); B; a). 

Next, if x E A® a B \ (P (g> H), then x E ©^((H, P); B\a) \ ©^ 2 ((T, P); B ; a) because 


lim {E n (x)) 


vl( n ) 


= lim ( - ) 

n—loo V e / 


(n) 


= 1. 


This implies that P <g) B = n^©^((H, P); H; a). 

To prove the third statement, assume on the contrary that there exists a countable fam¬ 
ily of scale functions $ such that A® a B = U ¥ ,g$© l)5 ((H, P); H; cc). Let us show that this 
is impossible. Since ©^((T, P); B; a) = ©^((T, P); B-, a) for each c E (0, 00 ), without 
loss of generality we may assume that the family d> := is such that (fi(n) < ^ for 

all i,n E N. Let us define 


<p(n) := sup (pi(n), n E N. 
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Lemma 3.1. p is a scale function. 

Proof. Clearly p is a bounded positive nonincreasing function. We must show that 
lim^^oo p[n) = 0. Assume, on the contrary, that there exists a subsequence 
such that linij^oo p(nj) > 0. By the definition of <p, for each n E N there exists some 
i n € N such that 

<f(n) = <Pi n (n)- 

We must consider two cases. 

(a) {i n }jgfi contains an infinite constant subfamily, i.e., i n . coincides with some io for 
infinitely many j. Then p{nj) = Pi 0 (rij ) for infinitely many j. But the latter sequence 
tends to zero as j —>• oo. Thus, (p tends to 0 along a subsequence of {rij}, a contradiction. 

(b) {i rij }jgN does not contain an infinite constant subfamily, i.e., Hindoo i nj = oo. Then 

we have . 

lim <p{nj) = lim Pi n .(jij) < lim —— = 0, 

j —»oo j—>o o J j—>oo 2 ln i 

a contradiction proving the lemma. □ 

Next, we consider the scale function p := \fp. Since pi < p for all i and p < p, 

U vy, B-, a) C 3M(A, vy B ; a) C %((A, V); B-a). 


On the other hand, 


y <p(n) 
hm —- 
n—too p[n) 


= OO. 


Hence, due to property (4) (proved below), 55^((A, V)\B;a) \ 55^((A, V); B ; a ) / 0. This 
shows that A® a B \ L>if8 (pi ((A, V); B ; a) / 0, a contradiction completing the proof of the 
third statement of (2). 


(3) Construction of p u b is the same as of p above. In turn, if 4> = {<^i}igN, then we 
define 


Plb(n) := min pi(n), n € N. 

l<i<n 

Clearly, pu, is a scale function and for each i € N, pibin) < pi(n ) for all n > i. This 
implies that i B (pib ((A, V); B\ a) C V); B; a) for all i € N, as required. 


(4) We begin with some auxiliary results. Fix b E B of norm one and a linear functional 
b* € B* of norm one such that b* (6) = 1. Consider linear operators: lb : A —>• A <8) B , 
Ife(a) := a <8> 6 and Id <55 b* : A ® B A, (Id <g> b*)(fffj aj ® 6j) := b*(bj) ■ aj. 

Lemma 3.2. For a reasonable crossnorm a on A® B the operator If, is an isometric 
embedding and the operator Id <g> b* is bounded. 


Proof. By the definition of a reasonable crossnorm, 

a(Ib(a )) = a(a <S> b) = ||a|U ■ ||6||s = ||a||A- 
This proves the first statement. 

Next, for a linear functional a* € A* we clearly have a* o (Id <g) b *) = a* <g> b*. By the 
definition of a reasonable crossnorm, a'(a* <g) b*) = ||a*|U* • ||6 *||b*, see, e.g., [Rj; here a' 
is the dual norm of a. Hence, for all x € A (g> B, 

||(Id <8> 6 *)(x)||a = sup |a* ((Id <8> b*)(x)) \ = sup |(a* <8> 6*)(x)| 
a*eA* , ||a*|| J 4*=l a*eA* , ||a*|| A *=l 


< 


*£A* 


sup a'(a* <g> b*) ■ ||x||a®b = ||&||b* ■ ||o:||a®b = ||^|U®b, 


►=i 


as required. 


□ 
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The lemma implies that operator Id (g> b* is extended by continuity to a bounded linear 
operator A® a B -A A of norm < 1 (denoted by the same symbol). 

Lemma 3.3. For each a € A, 

E n {a) := inf ||a - H\\a = E n (I b (a)) := inf a(I b (a)-h). 
hev n heV n ®B 


Proof. Since I b is an isometric embedding, E n (I b (a )) < \\Ib\\ • E n (a) = E n (a). Conversely, 
since (Id <S> b*) o I b = Id and ||Id (g> b* || < 1, E n (a ) < ||Id <g>b*\\ ■ E n (I b (a )) = E n {I b {a)). □ 

We are ready to prove property (4). By Definition ll.il if (p' < c • (p for some c € (0, oo), 
then ©^/((A, V); B] a) C ©^((A, F); H; a). Now assume that the latter inclusion holds 
but there exists a subsequence C N such that 


(3.2) 


T P'ijli) 

mil —-— - = oo. 


%—foo <p(ni) 

Let us define a sequence {c n } ne jsj C (0, oo) by the formula 

_ i 

c n := e , rii <n < n,i+ 1 , n € N. 

Clearly, c n +i < c n for all n, and lim^^oo c n = 0. As follows from the Bernstein theorem 
(adapted to the case of Banach spaces by A. Tinian, see m Sect. 2.5] and also |P2l Th. 5.1]), 
there exists an element a £ A such that E n {a) = c n for all n. Then, due to Lemma 13.31 
the element a := I b (a) satisfies E n (a) = c n for all n. Note that a € ©^/((A, V); B] a). 
Indeed, 

/ i \ <p'(pi) i 

lim (E ni (a))' p ^ = lim ( e v'iv-P 


Let us show that a 0 ©^((A, V); B ; a). In fact, observe that 

c p n > = e > e VFh) for n, < n < n i+ \. 


lim c(f (n) = 1. 


Hence, due to (13.21) . 

This implies 

lim {E n {a)Y^ = lim c^ n) = 1. 

n—>-oo n—>■ oo 

Thus, a ©^((A, F); B] a) which contradicts our assumption and shows that (13.21) is 
false. Therefore 

y tfin) 
hm ——— < oo, 
n-¥oo <p[n) 


as required. 


□ 


3.3. Proof of Corollary 12.31 

Proof. Let Q = ((A, V);B-,a) € . By definition, ©{ VJ1 }(Q) V ©{<^. 2 }(^3) is the minimal 

element of (^§(Q),C.) containing both of these sets, in particular, 

(3.3) ® Wl} (Q) u © {¥ , 2} (Q) c © { ^ 1} (Q) V © W (Q). 

Since < max(^i, <^ 2 ), * = 1,2, 

(3A) ©{<p 1 }(Q) V ©{<p 2 }(Q) C ©{max^!.^)}^). 

On the other hand, let x € ©{ m ax(<pi,p 2 )} (Q)- Then there exists a subsequence {rik}k£N C 
N such that for some p € (0,1) and all A;, 

(S nfc (x)) max(vi(nfc) ^ 2(nfc)) < p. 
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Passing to a subsequence, if necessary, we may assume that max((^i(nfc), </? 2 (n*,)) = Ti{nk) 
for all k, where i E {1,2}. Then the previous inequality implies that x E 5S{ ¥ ,.j((5). This 
shows that 

(3-5) ®{max(ipi,i£ 2 )} (Q) — ®{<£i }(Q) U ®{</32}(Q)- 

Combining (13.311 (13.51) we get the first statement of the corollary. 

Further, by definition, ®{ ¥ , 1 }(<5) A©^}^) * s maximal element of {3S{Q),C.) con¬ 
tained in both of these sets. In particular, 

® {V1} (Q) A ® {V2 }(Q) C © { „ l} (Q) n © { „ 2} (Q). 

Since <pi > min(</?i, <£> 2 ), i = 1,2, Theorem 12.21 (4) implies that 
(3.6) ®{min(vJi,¥3 2 )} (Q) ®{ipi}(g) A 23{</j 2 } (Q)- 

Further, since each ©{^(Q) C ©{ V 1 }(Q) A ©{ ¥ , 2 }(Q) belongs to ©{ V 1 }(Q) FI ©{ ¥ , 2 }(Q), 
Theorem 12.21 (41 implies that there exists a constant c > 0 such that <p < c ■ tpi , i = 1,2. 
That is, 99 < c • min(<^i, <^ 2 ) which yields 

©{(/,} (Q) C ©{ m i n ( v , 1]¥ , 2 )}(g). 

This and (|3.6D show that 

®{min(</?i,ip 2 )} (Q ) ~ ®{ipi}(Q) A ©{^, 2 }(Q), 

as required. □ 

3.4. Proof of Theorem 12.51 


Proof. (1) Let Q = ((A,V); B; a) € ^. First, we show that 
(3.7) ®e ( *)(Q)c®:(Q). 

To avoid abuse of notation, we set 


(3.8) 


ip := S(k), y?(n) = E(/y)(n) := ^^/«(*), n E N. 


Now, for x € ©^(Q) \ (V <S> .£>), let {nfcjfcgfsj C N be a subsequence such that 

1 < I and (£ (. T ))^ n *) < p < 1 for all k E N. 

By the definition of the best approximation, 0 < E n (x ) < E nk (x) for all n*, < n < rik+i- 
From here and the previous inequalities we obtain (since In p < 0) 

OO OO n k +1 — 1 OO n k +1 — 1 

-\n(E n (x)) = K(ri)-ln{E n (x))< E E «(") • ln(^n fc (a:)) 

n=n\ k= 1 n=n*. fc=l n=n fc 


< 


E 


Inp • {<p{n k ) - <p{n k+ i)) 
<p(nk) 


< 


In p 


Et 


= —OO. 


fc=l v ' k= 1 

This implies that x E ©* (Q), see (jl.2D . and proves (13.71) . 

Next, we show that ©s( K )(Q) 7 ^ ©*(Q). The proof is based on 

Lemma 3.4. There exists an increasing to 00 function h : N —>• (0, 00 ) such that function 
h ■ <p decreases to 0 , and 

n(n) 


E 


—( h(n) ■ ip(n) 


= 00. 
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Proof. Without loss of generality we may assume that ip(ri) < 1 for all n. First, observe 

oo an 

n(n) 


that the positive function -f increases to oo and satisfies 


(3.9) 


E 


<p(n) 


= oo. 


Using this, we construct by induction an increasing subsequence {N k } ke % + C Z + and a 
decreasing to 0 sequence {a k }k£Z + C (0, oo) such that 


<p 1 - a ’'-'(N k i + l) 


(^ Q fc(lV fc _i + 1) • “fc-i(jVfe_i) 


< 1, k > 2; 


(ii) 


(nto P ai ( N i + !)) • «(") 

<^ 1_Qfc (n) > ’ 


E 

n=W-l+l 


k € N; 


in 


(iv) 


nto^(^ + i)~ k 


< T, 


fc G N; 


^JJ^- Q *(lV i + l)'j -<p-°*(N k ) > k, k€ N. 

We set A^o = 0, «o = 1 and assume that the required N\,, N k ~i and or,..., a k ~\ are 
chosen. Let us define N k and a k - To this end, due to (|3.9H there exists some integer 
N' k > IVfc-i such that 


N' 


E 

n=N k _ i+l 


(nt„V“‘W+i)) 

y?(n) 


k n 


> 1. 


Thus we can choose a positive number a k < a^-i such that 


1 (nt 0 ‘^'(JVi+i)).«(„) __ 


E 

n=N/ c -\-l 

and for k > 2 (because ip is decreasing), 

^ 1 -^-i(W fe 1 + 1) 


< 1. 


V? Qfe (lVfc-i + 1) • ip 1 a *-t(N k _ i) 

Further, since is decreasing to 0 and p>~ ak is increasing to oo, we can choose an 

integer N k > N' k such that 


^~ ak {Nk) 
ntj fP‘(Ni + 1) 


< i and ( JJ :V, + 1) j ■ V t ) > k, 


as required. 

Now, let us define 


(3.10) fc(n):= ^n^ _Q< (^ + 1 )^ _Q ' c W 5 JVfc-i + 1 < n < N k , k € N. 
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So {h(n)} is increasing for A T ^_i + 1 < n < N k and, because tp is decreasing and < 1, 
h(N k + 1) tp-<* k (N k + 1) • ( N k + 1) 


h(N k ) 


p ak (N k ) 


> 1. 


Thus h is increasing and since by (iv) h(N k ) > k , it is unbounded. 

Next, 

h(n) ■ tp(n) = P~ ai (Ni + 1)^ • (^ 1_ “ fc (n), N k _ 1 + 1 < n < N k . 

So h ■ tp is decreasing on each such an interval. Also, by (i), 

h{N k + 1) • ip{N k + 1) p l ~ ak {N k + 1) • p- a *+i(N k + 1) 


h(N k ) • <p(N k ) 

so h ■ p is decreasing and since by (iii) 


V 1 - ak (N k ) 


< 1, 


h(N k ) ■ p(N k ) = ^ + 1)^ • ^~ ak (Nk) < ^ 


lim n ^oo h(n) ■ p{n) = 0. 
Finally, by (ii), 


E 


«0') 


oo N k 

h(j) ■ p(j) 

j=1 KJJ k=0n=N k _ 1 +l 


(ntoV Qi (^ + l)) -«(n) - 

->5Jl = oo. 


tp 1 ak (n) 


fc=i 


This completes the proof of the lemma. 


□ 


Further, as in the proof of Theorem 12.21 (41 (see the version of the Bernstein theorem), 
there exists an element x € A® a B such that 

_ i 

E n {x) = e hM-vin ) ; n € N. 

(Here we used that h ■ tp decreases to 0.) We have 


K (n) • In (E n (x)) = - 


n(n) 


k=i ti h ^ ^ 

that is, x £ 53* (Q). On the other hand, by Lemma HT~T1 

lim (E n (x)) v ’^ = lim e = 1, 


= —oo, 


that is, x 0 %$e( k )(Q)- Thus, we have proved that 


®E(*)(Q) £»:(£)■ 


To complete the proof of part (1) of the theorem, we need to show that 53y ;( K )(Q) is 
maximal among all subsets in containing in 53* (Q). 

Assume, on the contrary, that there exists a subset 53^/(Q) 2 ®e(k)(Q) °f 53* (Q). 
Then due to Theorem 12.21 (41. there exists an increasing subsequence {n k } k en C N such 
that 


Vi n k) 
hm ——- 

k —loo tpf(n k ) 


= 0 , 


where tp(n) := YaLu n e hb 
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Passing to another subsequence, if necessary, we may assume that 

7>{n k ) 
i P'{n k ) 


^ m'(n, i < °°' 


k =1 

We set 

<^(n) := (p'(n k ), for n k <n < n k+ 1 , fc, n E N. 

Since 99 ' is nonincreasing and tends to 0, by the version of the Bernstein theorem (see the 
proof of Theorem 12.21 141 above) there exists an element x E A® a B such that 

1 

E n (x) = e v'M , n E N. 

We have 

lim ( E n (x)) v ( n ' ) = lim e £'(«) = e _1 . 

n—>• 00 n—>-oo 

Hence, x € 33^ (Q). On the other hand, 

OO OO n k +1 — 1 /x OO n fc+l — 1 / x 

£«<«). >*«.(*)) ~£ E I=-E E S 1 " 1 


n=n\ 


—' c p'(n) ^ w'(n k ) 

=1 n=n k ^ \ J fe=l n=n fe ^ v 


E 


V?(n fc ) - ^(n fc+ i) 


P'K:) 


> - 


^ ^(n k ) 


—00. 


Thus x 0 33* (Q), a contradiction proving the claim. 

The proof of part (1) of the theorem is complete. 

(2) Assume that 35s( K1 )(Q) = (k 2 )(Q)- We set for brevity ipi := E(«j), i = 1,2. 

Then, due to Theorem 12.21 141. for some ci,C 2 E (0, 00 ), 

(3.11) ci • tp 2 < <Pi < c 2 • (f 2 - 

Let x E 33^ (Q) \ V 0 H, that is, 

OO 

y. Ki(n) • ln(E n (x)) = -OO. 

n =1 

By S kA we denote the fcth partial sum of the series. Since n\(n) = <pi(n) — <fi(n + 1) for 
all n, 

k k 

Sk,i = ^2 Ki{n) ■ In (E n (x)) = y^(y?i(n) - <pi(n + 1)) • In (E n (x)) 


n =1 


n=1 


= • In 

71 =2 

We consider two cases, 
(a) 


E n (x) 
E n — 1 (x) 


+ c^i (1) • ln(£i(x)) - v?i(A: + 1) • ln(£/j,(x)). 


lim tpi(k + 1) • In (E k (x)) = — 00 . 

k —^00 


Since ^i(fc + 1) < (^i(fc), this implies that 

0 = lim (£ fc (x)) Vl(fc+1) > lim (E k (x))^ k \ 

k —^00 /c —^00 

That is, x E 33 ¥ , 1 (Q) = 35^ (Q). Hence, due to part (1) of the theorem, x E 33* (Q). 
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(b) 


lim <pi(k + 1) • In (Ek(x)) > — oo. 

k —^oo 


Since lim^oo Sk,i = —oo, the latter condition, equivalence (13.111) and the fact that 
{E'jijngfsj is nonincreasing imply that 


—oo = lim 

fc—> OO 



E n (x) 

En-i{x) 


> lim 

k—> OO 


• <P 2 (n) • In 


\n=2 


( E n {x) \\ 
Un-i(x)^ 


and 


Thus for 


lim c i ■ <^ 2 (& + 1) • ln(-Efc(x)) > —oo. 

k—> OO 


k k 

Sk ,2 = X « 2 (n) • ln(.E n (x)) = X 0^2 fa) - <p 2 (n + 1)) • ln(S n (x)) 

n=l n=l 


= X] ^ 2 ( n ) ■ ln f I f ,l(yX f\ '] + ^2(1) ' M^ifa)) - <P2(k + 1 ) • ln(£ fc (x)), 
n=2 \E n _i(x)J 

we get 

OO 

X /c 2 fa) • ln(£„(x)) = lim SV 2 = -oo, 

z —' k^-oo 

n =1 

that is, x € 23* 2 (Q)- This shows that 23^ (Q) C 23* 2 (Q). By the symmetry of the above 
arguments, 23* 2 (Q) C ©^(Q), i.e., these two sets coincide. 

Conversely, suppose 23* (Q) = 23* 2 (<5) =: U. Then according to part (1) of the theorem 
23E(ni)(Q)> ^ = 1^2, are maximal elements of &(Q) containing in U. Since by Corollarv l2.3l 
(£8{Q), C) is a lattice, these maximal elements must coincide, i.e. 23s( Kl )(Q) = 23^( K2 )(Q). 
This completes the proof of part (2) of the theorem. 

(3) Since each scale function tp is equivalent to a decreasing one, say, (p, for the weight 
function n{n) := <p(n) — (p{n + 1), n € N, by (12.11) we have (Ufa)} = {ip} = {p}. This 
shows that ^Ss(k)(Q) = 23 V ,(Q) and proves part (3). 

(4) Let ip € <f> K . We will show that for each / € 23* (Q), 

bm (£„(/)) v(n) = 0. 

n—>• oo 

This will imply the implication 

K(Q) C D 2 %(Q). 

¥>G<t>K 

Assume, on the contrary, that for some x € 23* (Q) there exists a p £ (0,1) such that 

i 

E n (x) > pv( n ) for all n E N. 

Then due to (11.21) 

OO OO / \ i 

E . . \—-v K\n) ■ mp 

n(n) • ln (E n (x)) > X-(V) > _ °°’ 

a contradiction proving the required implication. 
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To prove the opposite implication, assume, on the contrary, that there exists 


x G 



\ »*«(<?)• 


Then, due to (11.21) . 

OO 

«(n) • ln(E n (x)) > —oo. 

n =1 

This shows that the scale function <p x defined in the proof of part (2) of Theorem 12.21 (see 
(13.11) 1 belongs to the class <f> K . A standard argument shows that there exists a decreasing 
to 0 function fj, : N —» (0, oo) such that fj ■ ip x still belongs to <h K . Thus we must have 
x € that is, 

lim (E n (x))rt n M n ) < 1 . 
n—too 

However, by the definition of ip x (because x 0 V <g> B), 


lim (E n (x))rt n W n) 

n—> oo 


lim 

n—> oo 



a contradiction showing that 

K(Q) = n 

The proof of the theorem is complete. 


□ 


3.5. Proof of Corollary 12.71 


Proof. (1) Since 53* (Q) D 53s(k)(Q), Q = ((A, V); B\a) G and the latter set is cornea- 
ger in A® a B , the former one is comeager in A® a B as well. 

(2) Since, due to Theorem 12.51 (3). for each scale function <p there exists a weight function 
k such that 53s( K )(Q) = ®p(Q)j Theorem 12.21 (2) implies that 

A® a B D V (Q) = A® a B, 


where the unions are taken over all weight and scale functions, 
classes 53* (Q) coincides with A® a B. 

Further, for a scale function (p consider the weight function 


Then 


«V(n) 



n G N. 


E 

71=1 


«v( n ) 

V(n) 


OO 

E 

n=l 


rr 


< oo. 


Hence, 92 G , see Theorem 12.51 (4). Due to this theorem, 


»^(Q)C53 V ,(Q). 

This and Theorem 12.21 (2) imply that 


Thus, the union of all 


F®BC f] 53;(Q) C P| 5 S s (Q) = V ® B. 

uigW s£S 


Thus, the intersection of all classes 53£ (Q) coincides with V (g> B. 

Finally, A(g) Q H\U Ke i^5S* (Q) 0 for any countable subset K of weight functions because 

due to Theorem 12.51 (4) each 53* (Q) is a subset of some 53 V ,(Q) and a similar property is 
valid for the second Bernstein classes by Theorem 12.21 (2). 
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(3) Let K be a countable subset of weight functions. Then due to Theorem 12. 2l f3l there 
exists some scale function c pa, 

n n ®s ( ie)(Q) 2 ® W6 (q). 

k&K k£K 

Hence, see the argument in the proof of part (2) above, 

fl %:(Q)2v: nb (Q)- 

k£K 

Similarly, for each k € K choose some (p K € <I> K (see Theorem 12.51 (41). Then due to 
Theorem 12. 2l i3l there exists some scale function ip u b such that 

U ®*(Q)c u Q). 

k£K kGK 

Also, due to Theorem 12.51 (3). there exists some n u b such that 


2WQ) C KJQ)- 


Hence, 


U ®«(o) ^ ®:„ k (<?)- 

k&K 


This completes the proof of analogs of properties (1)—(3) of Theorem 
Bernstein classes. 


for the first 
□ 


3.6. Proof of Proposition 12.91 

Proof. As in the proof of Corollary 12.31 we get 


(3.12) 


®«i(Q) U ®* a (Q) c *8* k1 (Q) V ®^(Q); 
®M(0)v®^(Q)c®^ x{<(ii<(a) (g). 


Also, if x 0 ®*j(Q) U 5S* 2 (Q), then for i = 1,2, 


OO 

y; «j( n ) • In (E n (x)) > -oo. 

n =1 


Adding these inequalities term by term (which is possible because the series converge 
absolutely) we obtain 


5^(«i(n) + K 2 (n)) • In (E n (x)) > -oo. 

n=l 

Hence, x £ <&l 1+K2 (Q) = x ( Mi « 2 )(Q)- This shows that 

(3-13) ®max(K 1 ,« 2 )( ( 3) C ®« 1 (Q)U®* 2 (Q). 


Equations (13.121) . (13.131) imply the required statement. 


□ 
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3.7. Proof of Corollary 12.101 

Proof. Map £* : (38* (Q), U, C) —> (38(Q), U,C) is given by the formula 
£*(£/) := ®E(«)(Q), U = K(Q ) € ^*(Q). 

It is well defined due to Theorem 12.51 (1). It is bijective due to Theorem 12.51 12). (3). Since 
map £ is additive (see ( 12 . 11 ) ). £* is the homomorphism of abelian semigroups. 

Finally, £* preserves partial orders because of the maximality property of ©s(k)(Q) i n 
®k(Q) proved in TheoremE5](l). Indeed, if (Q) C ©* 2 (Q), then ® E (k 1 )(Q) C ©* 2 (Q) 
and therefore by that property ©s( K1 )(Q) (= ®e(k 2 )(Q)- i n addition, *B* X ( Q ) 7 ^ *B* 2 (Q), 
then 93 e( Ki )(Q) / ®s(k 2 )( ( 5) by Theorem 12.51 (2). as required. □ 

4. Proofs of Theorems 12.12112.141 and 12.151 

4.1. Proof of Theorem 12.121 

Proof. We prove part (2) only; the proof of part (1) is similar. 

The proof is a simple corollary of Theorem 12.21 (1). Indeed, since (A® a B) _1 is an open 
subset of A® a B and 23^(Q), Q = ((A, V); B ; a ), is comeager in A® a B, set 5 := ©^(Q) D 
(T(g) a i ?) _1 is comeager in (A® a B)~ l . Next, since map -1 : (A(g) Q .B ) _1 —> (Ada,!?) -1 , 
g eA . is a homeomorphism, set S' := {g € (A® a B)~ l : € S} is comeager 

in (A<g) a L >) _1 . Hence, S D S' is comeager in (A^aB)^ 1 as well. Similarly, for each 
g € (A^aB)^ 1 set g- (SCi S') is comeager in (Afgia-R) -1 - Therefore, (g-(S D S')) n (Sd S') 
is comeager in (A®^)^ 1 also. This implies the required statement. □ 

4.2. Proof of Theorem 12.141 

Proof. First, we will prove the theorem for F = C. In this case, the hypotheses imply 
that Uc C is a Stein domain and Xq is its Stein submanifold. Therefore there exists 
a holomorphic retraction r : N —>• Xc of an open neighbourhood N C Uc of Xc (see, 
e-g-j m for basic results of the theory of Stein spaces). Also, Xc is defined as the set 
of common zeros of a family of holomorphic functions on Uc- Then, since Uc admits an 
exhaustion by compact polynomially convex subsets, the Runge approximation theorem 
implies that Xc admits an exhaustion by compact polynomially convex subsets as well. 
In particular, for each bounded subset of Xc its polynomially convex hull belongs to Xc- 
Let O (s Xc be an open bounded subset and O its polynomially convex hull. Then 
there exists a Weil polynomial polyhedron 

W = {z € C N : max \pi(z)\ < 1 all pi € V(C N )} 
such that cl(W) <e N and O C W. 

Further, since W is open, set W(A) of maps g : Ma —>• C N whose coordinate functions 
are in A (:= Ac) and images are in W is an open subset of A ® (we use here that the 
Gelfand transform is a nonincreasing norm morphism of algebras). In particular, due to 
the argument of the proof of Theorem 12.121 (cf. [Maj ). sets W(A) n ©^((A, V)] C N ) are 
comeager in W(A) for all scale functions 99 . 

Next, by V[ C C(Ma',v(W)) we denote set {r o g : g £ (Vi® C N ) n W(A)}. Using 
functional calculus for commutative Banach algebras (see, e.g., Ch. 3.4]), one obtains 
that V' C Xc(A). Then maps from V' := UjU/ are dense in 0(A) (:= Xc(A)(1C(Ma] O)). 

Lemma 4.1. There exist numbers t € (0,1) and n* € N such that E n .j(h) < t n for all 
h € V-, j € N, and n > n*. 



















24 


ALEXANDER BRUDNYI 


Proof. Let d := maxi<j<j. deg(p*). As follows from the Weil integral representation formula 
[W] for the coordinate functions of the map r\w = (n,..., rjy) : W —» C^, 

(4.1) r i (z) = '^2pia(z)-p* 1 (z)---p% k {z), z£W, a = (a!,...,a k ) 

a 

where all pi a £ V(C N ), deg (pi a ) < N ■ (d — 1), sup^ ^(supjy |pj Q |) < C, and the series 
converges uniformly on compact subsets of W. 

If g = (< 7 i,..., < 7 jv) € (V)-®C A ')nlh(A), then (recall that Lciisa filtered subalgebra) 

Pl°g €V d .j, 1 <1 < k, so that (pi o g ) a1 • • • (p k o g) a * £ V\ a \. d .j (here |a| := a\ H-h a k ). 

Also, Pi a o g £ V d .t N _iyj for all i,a. Note that g(Mjf) is a compact subset of W\ hence, 

(4.2) max sup \pi\ < 1. 

l<l<k g (M A ) 

Since the spectral radius of pi o g £ A is 

lim V\\(Pl° g) n \\A = sup \pi\, 

9{M A ) 

(|4.2p implies that there exist constants c > 0 and p £ (0,1) such that for all n £ N, 

1 < l < k, 

(4-3) \\(pi og) n \\ A < cp n . 

Also, since all norms on the finite-dimensional Banach space V^.(jv—i).y are equivalent, 
there exists some C > 0 such that 


(4.4) sup ||Pia ° g\\A < C' sup sup I Pi,a ° si < C SUp ( SUp \p ia \ ) < C C. 

i,a i,a V M A J i,a \ W ) 

Inequalities (14.31) and (|4.4I) imply that series 

Y^ Pia o g) ■ (pi o g) ai ■ ■ ■ (p k o g) a * 


converges absolutely in A to element r* o g =: hi , 1 < i < N. Moreover, for h = 
(hi, ..., h/v) ■= r o g £ Vj there exist numbers t £ (0,1) and n* £ N such that for all 
n > n*, 


En-j(h) := 


N 


N 


L-j-(jv-i) 


a Y ( En -i (^*)) - Y II hi - Y ( Pia ° 9) ■ (pi 0 g) ai ■ ■ ■ 0 Pk o g) 

\ i=l i= 1 |a|=0 


N 00 N 00 

< y Y c -c- c k ■ p |a| = y Y c ’' c 

i=1 l«i=L 5 J-(Jv-a) i= 1 1 = LSJ-Lv-2) 

as required. 


k- 1 


p l < t n , 


□ 


In the subsequent proof we use the following result. 

Lemma 4.2. Given a nonincreasing function p : N — » (0, 00 ) such that lin^^oo <p(n) = 0 
and lim, woo n ■ tp(n) = 00 there exists a nondecreasing function £ : N —» N, lim, woo ^(n) = 
00 , such that for all sufficiently large n 

ip(l) < £(n) • p(n ■ £(n)) < 2ip(l). 
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Proof. Without loss of generality we may assume that ^>(1) = 1. Set 9(n) := 
n E N. By the definition, function y i-A e ^ y ' ) ; y E N, tends to oo as y —>• oo and 
We define 




min 


|m € N 


6{n ■ m) 
n 



-- n ■ tp(n ), 


Then lim^^oo £(n) = oo. (For otherwise, 1 < lim ?woo e ( n '^ n P = q, a contradiction.) 
Moreover, £ is a nondecreasing function. Indeed, since tp is nonincreasing, 


1 < 9{{n + 1) ~ fj(n + 1)) < 9(n ■ £(n + 1)) 


n + 1 


n 


Then £(n) < £(n + 1) by the definition of £(n). Finally, if £(n) > 1, then 
1 < ^(n-C(w)) < ^(n- (^(n) - 1)) 1 

£(n) — n • £(n) — n • (^(n) — 1) £(n) — 1 

This implies 

1 < f (n) • ¥>(n • £(n)) < x < 2, 

as required. □ 


Further, let if : N —» (0, oo) be a nonincreasing function such that lim^^oo ip(n) = 0. 
By 23,/,((A, V')]Xc) we denote the set of y E Xc(-A) such that 

lim «( 0 ))*("> < 1 , 

n—> oo 

where E' n (g) := inf^gy/ ||y — h||_ 4 ^ c .v is the distance from g E Xc(A) to IX. 

As in the proof of Theorem 12.121 (cf. |Ma| ) one shows that 23w,((A, W); Xc) is comeager 
in Xc (A) (recall that the latter is a closed subset of Banach space A(S> C N , and therefore 
is complete in the induced metric). 

By definition, for g E 23^((A, V')\ Xc) n C(Ma;0) there exist {ni} C N and gi E 

i 

Vf t n C(Ma',0) such that \\g — gi || 4 , 55 c jV < c^ ( "d for some c E (0,1). Then Lemma 14.11 
yields 

1 

(4.5) E n . ni (g) < || g - yz |Ug>c* + E n . ni (gi) < + t n for all n > n*. 

Taking here 'ip := | with £ as in Lemma 14.21 and n := £(rq) (for all sufficiently large l 
such that £(n;) > n*) we obtain from this lemma for some c E (0,1), 

E n ,.t( ni )(g) < 2 • (max(c,f )) 5(ni> < 2 • (max(c,f)) <?(”!•«"!)) < . 

The latter implies that 

lim (E k (g)) v(k) < c, 

k—foo 

that is, g E 23 l/ ,((A, V);C N ). 

Thus, we have proved that 23^((A, V'); Xc) fl C(Ma; O) C 23 ¥ ,((A, 14); C^) nXc(A) for 
an arbitrary open O d Xc. 

Now, choosing an exhaustion 0\ C O 2 C • • • of Xc by open bounded sets and taking 
into account that 

OO 

2 M(A, Vy,X c ) = U 2fy((A, V');Xc) D C(M A ; O*), 

2=1 

we obtain that 25^,((A, W); Xc) C 2S V ((A, V)',C N ) n Xc(A). 

Hence, set 2S^((A, V); C^) fl Xc(A) is comeager in Xc(-A). This completes the proof of 
part (a) of the theorem for F = C. 
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To prove part (b), we choose V’( n ) := ^r- Then (14.51) with n := 2 n ‘ implies, for some 
c € (0,1) and all sufficiently large l, 

(4.6) E ni . 2 ni(g)<c 2n ‘. 

Observe that for function <p(n) := n , n € N, 


In 2 1 + In 2 

-< (pirn ■ 2 1 < -. 

2 n i ~ x ~ 2 ni 


From here and (14.61) we obtain, for c := c 


In 2 


and all sufficiently large l, 

i 




This implies that g £ ©^((A, V); C^). In addition, let us prove that g € 03*((.A, V); C N ). 
Indeed, (14.51) leads to the inequality 

En-mid) < 2 • C' mm ( 2 ’ l hO, where C := max(c, t). 

Thus, since {.Efc(g)}fc£N is a nonincreasing sequence and In E n . ni (g) < 0 for all sufficiently 
large l, for such l and all 1 < n < 2 ni we obtain 


1 nE n . n ,+i(g) . 

Y\ 7 ,“2 < hi E n . ni 

“ (n • + z) 2 


(5) 


n ; —1 

y 

—' (n 

i=o v 


1 


n z + * 


2 — In E n . ni 


(g) 


n ■ ni (n + 1) ■ ni 


= In E n . ni (g) < hi 2 InC 

n ■ (n + 1) • ni ~ n ■ (n + 1) • ni (n + 1) ■ ni 
Summing these inequalities over n we get 

2”'-n ( -1, „ , , 2"!-ln r l 2"!-l , „ 2”!-l , n 

E ln Ej(g) _ y-v y-v mE n . ni+ i(g) ^ y-v m2 y-' hiC 

7 2 " r-i ( n-ni + i ) 2 — “ n • (n + 1) • ni “ (n + l)-n/ 

l=ni n= 1 2—0 v n=l v 7 n=l v ' 


<-4 In 2 • In C. 

ni 

Hence, there exists L £ N such that for all l > L the right-hand side of the previous 
inequality does not exceed 1n 2 9 ln c . Passing to a subsequence, if necessary, we may assume 
that 2 ni ■ ni < n/_|_i for all l. Then we have 

In Ej(g) ^ \ - yA In Ej(g) 

j 2 - 2 -^ 2 ^ ? -2 

3=1 J l=L j=n l J l=L 

This shows that g £ *B*((A,V)\C N ), as required. 

Thus we have proved that 

9M(A V')-X C ) c (<y ((A, I/); <c*) n ©*((A, V);C N )) n Xc(A). 

In particular, the latter set is comeager in Xc (A) which completes the proof of part (b) 
for F = C. 

Now, let us discuss the case of F = R. Here Xr is a closed analytic submanifold of 
the domain Hr C M. n . Then there exists an open neighbourhood N C Hr of Xr and an 
analytic retraction r : N —>• Xr. Due to analyticity, r admits an extension r' : N' -A (C , 
where N' C C N is an open neighbourhood of Xr in C N containing N and r' is holomorphic 
on N' . Further, since Xr C , each compact subset of Xr is polynomially convex in 
C N . Hence, for an open bounded subset O of Xr its polynomially convex hull belongs to 
Xr and therefore there exists a Weil polynomial polyhedron W such that cl(W) <s N' and 
O C W. The rest of the proof repeats literally the corresponding proof for the case F = C 



OO 

E 


In 2-In H 


= —oo. 
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(the only difference is that now, in the proof of the analog of Lemma 14.11 one applies the 
Weil integral representation formula to coordinate functions of map r'\w)- □ 

4.3. Proof of Theorem 12.151 

Proof. It is sufficient to show that Wf(Tf) is closed under group operations on C(Ma ; X$). 
Then the rest of the proof is based on Theorem 12.141 and repeats arguments of the proof 
of Theorem 12.121 

We prove the required result for F = C. For F = M the proof is similar (cf. the end of 
the proof of Theorem 12.141) . 

We retain notation of the proof of Theorem l2.141 So, let r : IV —>■ Xc be the holomorphic 
retraction of the open neighbourhood N C Uc- By definition, multiplication on Xc is given 
by a holomorphic map S : Xc x Xc —>• Xc■ Consider holomorphic map S : N x N —» C N , 
S(z, w) := S(r(z),r(w)). If g , h G Xc(A), then (g, h ) : Ma NxN C C 2N is a continuous 
map whose coordinate functions belong to A. Since for each compact subset of Xc x Xc 
its polynomially convex hull in C 2N belongs to Xc x Xc , applying functional calculus for 
A (see, e.g., 0 Ch. 3.4]) to S and g, h we obtain that S(g,h ) = S(g,w ) € Xc(A) for 
all g,h G Xc{A). Thus, 7fc(A) is closed under multiplication on C(Ma', Xc). A similar 
argument shows that Xc(A) is closed under the operation of taking the inverse. □ 


5. Proofs of Results of Subsection 2.3 

5.1. Proof of Theorem 12.191 


Proof. By definition and since || ■ ||a > || • ||c(M) an d the injective crossnorm e does not 
exceed the uniform crossnorm a on A<S> a B, for an element / G ^8 V ((A, V); B\a) there 
exist a number p G (0,1) and a sequence {/ ni }jeN C V. f Ui G V) <S> -B, such that 

7 m ■= sup||/(a) - f ni {s)\\B < \\f - /nJU^s < ■ 

ses 

Without loss of generality we may assume that 


(5.1) 

Next, according to (12.31) . 


max 


( sup ||/ ni (m)|| B , sup ||/(m)|| B ) = 1 . 

\mGM mGM 


Ci := Cov(S, 7 n J < C 


1 

7 rii 


Let (f?y) 1<; . <c , Bij := B ln . ( rriij ) C M, be an open cover of S corresponding to c*. Then, 
due to (15.1|) and by the definition of Markov constants, for each j and all mi, m 2 G B,j , 


(5.2) 


ll/n^m-i) -/ ni (m 2 )|| B = sup |&*(/n i (m 1 ))-6*(/n i (m 2 ))| 

|| 6*|| S *<1 

<M Vni (S)- sup \\f ni (m)\\ B ■ d(m 1 ,m 2 ) <2M Vn .(S) ■'y ni . 

m£M 


In particular, since 

dist(T f (S),T fn .(S)) := inf {d M xB(m 1 ,m 2 ) : m x G F f (S), m 2 G r /ri .(5)} < 7 ^, 

inequality (15.21) implies that Tf(S) can be covered by sets {Wij}i<j<ci, Wij := {(m, b) G 
Bij x B : ||6 — fm(rn)\\B < 7 ^}, of diameter at most 2 Mv n . (S) ■ 7 ni - Thus, for i>k(t) := 
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t k ■ if{t), t E [0,oo), we have 

Ci 

ipk (diam(Wjj)) 

j=i ^ 

(5- 3 ) < Ci • ^(2^^ (5) ■ 7 nJ < C • • (2M Vn . (S) ■ ln f) k • if (2M Vni (S) • 7n J 

< C ■ (2M Vni ( S)) k ■ if (2M Vn (5) • ) . 

From here and hypothesis (|2.4I) we obtain 

Ci 

(5.4) lim y] ifk, (diam(Wjj)) < C ■ 2 k ■ L(p') for all p' € (p, 1). 

i—^00 -_i 

Recall that 

^tfxs( r /( 5 )) = J 1 ™^Mxi?( r /( 5 ))- where 

{ OO OO 

^^(diam(C/i)) : r,(S) C |J C/ i? Vz diam(t7 i ) < <5 

J=1 i=l 

Since, due to ()2.4I) . 

lim max {diam(WL)} < lim 2 My n . (S) ■ 7ni < lim 2A4y n . ( S ) • pTi^TT = 0, 

i—yoo l<j<Ci i—to o 1 2 —yoo 1 

inequality (15.41) implies that 

^M xB {r f (S))<C-2 k -L(p') for all p' € (p, 1). 

This completes the proof of the theorem. □ 

5.2. Proof of Corollary 12.211 

Proof. (1) Since f(S) is the image of T f(S) under the Lipschitz map tt b ■ M x B —> B, 
n B (m, b) = b, with the Lipschitz constant one, Theorem 12.191 implies 

K k {ns)) =H% k {n B (r f (S))) <nif xB {Tf(S)) <oo. 

(2) The required statement follows straightforwardly from the next general result. 

Let X be a compact metric space and let d E N. Let if, a be continuous gauge functions 
such that a(t) = if(t)-t d , t E (0, oo). If g : X —>• is Lipschitz with the Lipschitz constant 
Lip{g), then 

(5.5) [ H%(g~ 1 (y))dX d (y ) < c{d) • ( Lip(g)) d ■ Hx(X); 

J R d 

here c(d) is a constant depending on d only and X d is Lebesgue measure on R d . 

(For the proof, see, e.g., [Mat! Th. 7.7] or [F, Prop. 7.9] with natural modifications.) 
Now, to obtain our result we choose X = Tf(S), if = ifk,d, & = f’k and g = tt b . Then 
(|5.5I) and Theorem 12.191 imply that 

[ u^ B {g~ 1 (y))dAy)<oo, 

JBL d 

i.e., %tfxB(<7 _1 (y)) < oo a.e. y € M d . Finally, f~ l {y) H 5 is the image of g~ l {y) under 
the Lipschitz map 7r g : F f(S) —> S, TTs(m, b) = m, with the Lipschitz constant < 1. Thus, 

n^ d {f~\y) n s) = u^ d ^ M {g~\y))) < n^ B {g~\y)) < °° a.e. y e M d , 
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as required. 


□ 


5.3. Proof of Theorem 12.261 


Proof. The proof is based on the following result. 

Lemma 5.1. Suppose f € Q3*((A, V); B\ a). Then for ip satisfying (12.101) and each se¬ 
quence {& n }neN C (0, oo) such that series converges, 

lim n s ■ ip(b n ■ E n (f )) = 0. 

71—> OO 


Proof. Assuming the contrary we obtain for some c > 0, 

n s ■ ip(b n - E n (f )) > c. 

Since ip is continuous and increasing, the previous inequality implies 

In (E n (f)) > In (ip- 1 (^)) - In b n 


n* 


n* 


Without loss of generality we may assume that c is so small that ip 1 < 1 for all 

n > 1; then since ip -1 increases, 


£ ln 


n =2 


n =2 


-1 


71* 


) - I ln 1 (<*')) dt 


1 ^ x ( cs ) 1 , , 1 
- • / In y- (ip») ( y)dy = ln(ip 1 (c s )) - - 

c Jo c 


1 V) (V>(y))' 


■ dy > — oo. 


In this formula we used the substitution t = — - and then integration by parts where 

lim y ^ 0 + lny • ( ip(y))^ = 0 due to condition (12.101) . 

Therefore we obtain 

L -T2- 


77 .— 1 


This contradicts the definition of class 05*((A, V); B] a), see (11.21) . 


□ 


Now, for / € 03*((A, V)] B] a) we choose a sequence {/n}ieN> fn £ Vn <8> B, such that 
7 n := sup seS || f(s) - U(s)\\b < 2 E n (f) (cf. the proof of Theorem [2T9]) . Then we apply 
Lemma l5Tl with b n = 4 n s , n € N, to find a subsequence C N such that 

(5.6) lim nf • ip( 4n| • E ni (f)) = 0. 

2—)-00 

The rest of the proof repeats word-for-word the proofs of Theorem 12.191 and Corollary 12.211 
starting from formula (15.11) . where instead of (15.31) we have, in notation of these results, 

EjLi ^(diam(Wy)) 

< a • tp k {2M Vni (S) ■ 7 th) < C • (^-^j • ((2 nf ■ j ni ) ■ ^(4n? ■ E ni (f))) k 
= C ■ (2nf ■ ip(4nf ■ E Ui (f))) k ->• 0 as i ->■ oo. 


We leave details to the reader. 


□ 
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5.4. Proof of Corollary 12.301 

Proof. Let B (<= C N be an open Euclidean ball containing K. For a compact set C C B by 
cap(C;i?) we denote the capacity of S relative to B determined in terms of the Monge- 
Arnpere operator (see ED). Since / € C(K ), the set function range(/) 3 c f x (c) 
is upper-semicontinuous with respect to convergence in the Hausdorff metric on compact 
subsets of meaning that if a sequence {c n } C range(/) converges to c, then any 
convergent subsequence of the sequence {/ _1 (c n )} converges to a compact subset of / -1 (c). 
This and the Choquet capacitary property for a decreasing sequence of compact sets 
imply that function Cf(z) := cap(/ _1 (z); B), z E range(/), is upper-semicontinuous. In 
particular, for every e > 0, set S e := {z E range(/) : Cf(z) > e} is compact, and 
each f~ 1 (z) C K, z E S e , is non-pluripolar. Suppose that S e is non-polar. Then set 
S £ x C C C N+1 is non-pluripolar. According to Proposition 12.291 there exists a non- 
identically —oo plurisubharmonic function u on C N+1 such that u\r f = —oo. Since each 
set / _1 (^) x {z}, z E S e , is non-pluripolar in C n x {z}, ulcAx-U} = ~°° for 2 € S e . 
Hence, u = — oo on non-pluripolar set S £ x C and therefore it must be —oo everywhere, a 
contradiction showing that S £ is polar for each e > 0. We set 

OO 

St- U s ±- 

n 

77.—1 

Then Sf C C is a polar set and for each c E range(/) \ Sf, cap(/ _1 (c); B) = 0, that is, 
/ -1 (c) is pluripolar, as required. □ 
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